Introduction {#Sec1}
============

The pion is one of the few hadrons, besides nucleon and nuclei, whose partonic structure can be studied, mainly thanks to the Drell--Yan process (DY) \[[@CR1], [@CR2]\] with pion beams impinging on nuclear targets \[[@CR3]--[@CR6]\]. DY data provide access to the twist-2 "collinear" parton distribution function (PDF) of the pion $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1^a(x)$$\end{document}$ \[[@CR7]--[@CR14]\] and more. In fact, the unpolarized DY cross section differential in the dilepton angular distribution, given in the Collins--Soper frame \[[@CR15]\] by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\mathrm {d}\sigma }{\mathrm {d}\Omega } \propto \bigg ( 1 + \lambda \cos ^2 \theta + \mu \sin 2\theta \cos \phi + \frac{\nu }{2} \sin ^2 \theta \cos 2\phi \bigg ),\nonumber \\ \end{aligned}$$\end{document}$$provides also information on transverse-momentum-dependent parton distribution functions (TMDs). In the TMD factorization framework, the coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ is due to the twist-2 unpolarized TMD $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1^q(x,p_T)$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$1/Q^2$$\end{document}$-suppressed terms, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ arises from certain twist-3 TMDs \[[@CR16]\], $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ is due to the naive time-reversal odd ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf T$$\end{document}$-odd) Boer--Mulders function \[[@CR17]\]. One important current development consists in extending the DY measurements to include polarization effects, which is being pursued with polarized proton beams at RHIC (BNL) \[[@CR18]\] and pion beams impinging on polarized proton targets at COMPASS (CERN) \[[@CR19], [@CR20]\]. These experiments will test the TMD factorization approach, in particular the predicted sign change of naive $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf T$$\end{document}$-odd TMDs \[[@CR21]\], and provide new insights on the nucleon structure.

In our context, the COMPASS program is of particular interest. It will give at the same time new insights on the pion structure at leading and subleading twist, and it will go far beyond what was learned from earlier Fermilab and CERN experiments \[[@CR22]--[@CR24]\] owing to the availability of a polarized target. Moreover, previous measurements suffered from limited statistics, and most of them found for instance a subleading-twist coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ compatible with zero. Also with this respect new data from COMPASS may improve the situation \[[@CR19]\].

Higher-twist PDFs and TMDs are of interest in their own right, as they provide a window on quark--gluon dynamics. By exploring the equations of motion (EOM) of QCD, higher-twist PDFs and TMDs can in general be decomposed into contributions from leading-twist, current quark mass terms and pure quark--gluon interaction-dependent ("tilde") terms. An interesting question is how such genuine QCD interaction-dependent terms are modeled in constituent frameworks, which for our purposes are defined as models without explicit gluon degrees of freedom.

In a previous study we addressed this question in the context of unpolarized nucleon PDFs and TMDs \[[@CR25]\]. We have shown that internally consistent descriptions of the unpolarized leading- and higher-twist PDFs and TMDs are possible using several constituent model approaches. The respective effective interactions mimic in various ways the QCD quark--gluon interactions, giving rise to non-trivial tilde terms in some models. To which extent constituent models can provide phenomenologically reliable estimates for higher-twist effects remains to be tested. At least an encouraging agreement was observed \[[@CR25]\] in the case of the nucleon twist-3 PDF $\documentclass[12pt]{minimal}
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                \begin{document}$$e^q(x)$$\end{document}$ of which recently a first extraction became available \[[@CR26]\].

In this work we will present a study for the pion case. The main scope is to prepare an understanding of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf T$$\end{document}$-even pion TMDs at leading and especially subleading twist in the framework of constituent models which can be tested and used in future phenomenological applications to analyze and interpret first data. Our particular focus will be on critically reviewing the internal consistency of the models, and assess their range of applicability. We will also investigate how the genuine higher-twist terms are modeled in different effective-model frameworks. Our focus will be on the aspects peculiar to the meson sector, i.e. on aspects related to the modeling of 2-body dynamics of the $\documentclass[12pt]{minimal}
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                \begin{document}$$q\bar{q}$$\end{document}$-pair in the pion as opposed to the modeling of 3-body dynamics in the nucleon state investigated in prior work \[[@CR25]\].

The three models discussed in this work are the light-front constituent model (LFCM), the bag, and the spectator model. All results for higher-twist TMDs are new and original in the LFCM and bag model. In the spectator model analytical expressions for twist-3 pion TMDs were quoted in the literature, but to the best of our knowledge they were neither evaluated nor were their properties discussed. We discuss and compare the results from the different models with the goal to establish differences and common features of constituent frameworks of the pion structure.

It is important to keep in mind that none of these models accounts for the perhaps most important feature of the pion, namely its nature as Goldstone boson associated with spontaneous chiral symmetry breaking. Instead, the models discussed in this work treat the pion on the same footing as all other hadrons, i.e. as a particle composed of the respective constituent degrees of freedom. In our assessment of the applicability of the models, we shall also discuss the rational for this approach. A study of twist-2 pion TMDs in a chiral (Nambu-Jona-Lasinio) model was presented in Ref. \[[@CR27]\].

The outline is as follows. In Sect. [2](#Sec2){ref-type="sec"} we define and discuss the properties of pion TMDs in constituent models. In Sect. [3](#Sec3){ref-type="sec"} we study pion TMDs in the LFCM. In Sect. [4](#Sec7){ref-type="sec"} we review the descriptions of pion TMDs in the bag and spectator model. In Sect. [5](#Sec10){ref-type="sec"} we present the numerical results from the different models and compare them to nucleon TMDs. Finally, Sect. [6](#Sec15){ref-type="sec"} contains the conclusions. Technical details are collected in the appendices.
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                \begin{document}$$\mathsf T$$\end{document}$-even pion TMDs in quark models {#Sec2}
===========================================================================================

TMDs are described in terms of quark correlators. In constituent approaches without explicit gluon degrees of freedom, the Wilson lines of QCD reduce to unit matrices in color space. As a result $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf T$$\end{document}$-even TMDs appear. The structure of a spin-zero hadron, like the pion, is described in terms of four TMDs, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\int \frac{\mathrm {d}z^-\mathrm {d}^2z_T}{2(2\pi )^3} \, e^{i p \cdot z} \, \langle P|\overline{\psi }(0)\gamma ^+ \psi (z)|P\rangle |_{z^+=0} = f_1^q(x,p_T), \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\int \frac{\mathrm {d}z^-\mathrm {d}^2z_T}{2(2\pi )^3} e^{i p \cdot z} \langle P | \overline{\psi }(0)\;\mathbbm {1}\; \psi (z) | P\rangle |_{z^+=0} \nonumber \\&\quad = \frac{m_\pi }{P^+}\,e^q(x,p_T), \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$|P\rangle $$\end{document}$ is a pion state with 4-momentum *P*, *q* is a flavor index for the quark and antiquark contribution and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$a_T\equiv |{\varvec{a}}_T|$$\end{document}$ and the metric is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {d}^4 z = \mathrm {d}z^+\mathrm {d}z^-\mathrm {d}^2 z_T$$\end{document}$. The model results generically refer to a low ("hadronic") normalization scale below 1 GeV \[[@CR28]--[@CR30]\]. Integrating Eq. ([2](#Equ2){ref-type=""}) over $\documentclass[12pt]{minimal}
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                \begin{document}$$p^j_T$$\end{document}$ factor in Eq. ([2c](#Equ4){ref-type=""}) there does not exist any PDF counterpart to $\documentclass[12pt]{minimal}
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                \begin{document}$$f^{\perp q}(x)\equiv \int \mathrm {d}^2p_T\,f^{\perp q}(x,p_T)$$\end{document}$.

Sum rules are of particular importance when testing the consistency of models. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&2\int \mathrm {d}x\,f_4^q(x) = N_q. \end{aligned}$$\end{document}$$ The valence number sum rule ([3a](#Equ6){ref-type=""}) is the same in QCD and constituent models, but the momentum sum rule ([3b](#Equ7){ref-type=""}) is saturated solely by valence degrees of freedom in constituent models at the initial scale (with the exception of the spectator model which we will discuss in detail). Equation ([3c](#Equ8){ref-type=""}) formally relates $\documentclass[12pt]{minimal}
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                \begin{document}$$m_q$$\end{document}$ in QCD, or the constituent (or effective) mass in models \[[@CR25], [@CR33]\]. In the chiral limit this sum rule goes to zero like $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\pi $$\end{document}$. The sum rule ([3e](#Equ10){ref-type=""}) formally arises from the normalization of the minus-component of the vector current, just as ([3a](#Equ6){ref-type=""}) arises from the normalization of its plus-component. The validity of ([3e](#Equ10){ref-type=""}) is subtle, both in QCD and in quark models \[[@CR25]\], as we shall discuss in Sects. [3](#Sec3){ref-type="sec"} and [4](#Sec7){ref-type="sec"}. In Eq. ([3c](#Equ8){ref-type=""}) and throughout this work, we neglect isospin-violating effects and assume $\documentclass[12pt]{minimal}
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Positivity inequalities provide another important test, although they can be spoiled in QCD already at leading twist (let alone at twist-4) due to subtractions in the renormalization procedure. In consistent models one expects \[[@CR25]\] $$\documentclass[12pt]{minimal}
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In approaches without explicit gauge-degrees of freedom, the quark correlator of a spin-zero (or unpolarized) hadron has a general Lorentz decomposition in terms of three independent amplitudes parametrized in terms of four TMDs. In such situations "quark-model Lorentz-invariance relations (qLIRs)" arise \[[@CR34]\].[1](#Fn1){ref-type="fn"} In our case, the qLIR is given by \[[@CR25]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$f^{\perp q(1)}(x)=\int \mathrm {d}^2p_T\,\tfrac{p^2_T}{2m_\pi ^2}f^{\perp q}(x,p_T)$$\end{document}$.
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Next, let us state the relations which result from employing the EOMs $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x\,e^q(x,p_T)&= x\,\tilde{e}^q(x,p_T) + \frac{m_q}{m_\pi }\,f_1^q(x,p_T),\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x\,f^{\perp q}(x,p_T)&= x\,\tilde{f}^{\perp q}(x,p_T) + f_1^q(x,p_T),\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x^2f^q_4(x,p_T)&= x^2\tilde{f}_4^q(x,p_T) + \frac{p_T^2+m_q^2}{2m_\pi ^{2}}\;f_1^q(x,p_T). \end{aligned}$$\end{document}$$ In QCD the tilde terms are expressed in terms of quark--gluon--quark correlators. In quark models, they still denote "interaction-dependent terms" which arise from applying the respective model EOMs.

Pion structure in the LFCM {#Sec3}
==========================

In this section we discuss pion TMDs in the LFCM. We first derive the general expressions for the subleading-twist TMDs in leading order of the Fock-space expansion for the pion, and discuss the consistency of the approach. We then introduce the phenomenological model for the light-front wave-functions (LFWFs) which we will employ later to obtain definite predictions.

General formalism {#Sec4}
-----------------
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                \begin{document}$$\begin{aligned} \mathcal{P}^q(\tilde{p})= & {} \sum _{\lambda _1,\lambda _2} | \Psi ^{q \bar{q}}_{\lambda _1\lambda _{2}}( \tilde{p} ) |^2. \end{aligned}$$\end{document}$$Equations ([10a](#Equ20){ref-type=""})--([10d](#Equ23){ref-type=""}) are model-independent in the sense that they are valid in every light-front approach in which the Fock-space expansion includes the leading ("valence") sector and truncates higher Fock-space components.

Internal consistency of the approach {#Sec5}
------------------------------------

Let us now test the internal consistency of the approach. From Eqs. ([10a](#Equ20){ref-type=""})--([10d](#Equ23){ref-type=""}) we obtain the relations $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&x^2\,f_4(x,p_T) = \frac{p_T^2+m_q^2}{2m_\pi ^{2}}\,f_1^q(x,p_T), \end{aligned}$$\end{document}$$ which coincide with the EOM relations ([6a](#Equ14){ref-type=""})--([6c](#Equ16){ref-type=""}), respectively, with vanishing tilde terms as expected for free on-shell partons described in terms of LFWFs.

The valence number sum rule ([3a](#Equ6){ref-type=""}) and the momentum sum rule ([3b](#Equ7){ref-type=""}) are satisfied in the LFCM by construction. As a consequence of Eq. ([12b](#Equ26){ref-type=""}), one finds $\documentclass[12pt]{minimal}
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The sum rules for the first and second Mellin moment of $\documentclass[12pt]{minimal}
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The sum rule ([3e](#Equ10){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_4(x)$$\end{document}$ is not supported in the LFCM of the pion, and also the qLIR ([5](#Equ13){ref-type=""}) is not valid. These observations were also made in the nucleon case \[[@CR25]\] and are related to each other. The fact that the same features occur in the pion (2-body) and nucleon (3-body) case, indicates that this is not an artifact but a general property of LFCMs. To ensure the compliance with the sum rule ([3e](#Equ10){ref-type=""}) it is necessary to consider zero modes in the light-front quantization \[[@CR38]\] or to include higher light-front Fock states \[[@CR39]\]. These considerations are beyond the scope of LFCMs based on the minimal Fock space, so that both the sum rule ([3e](#Equ10){ref-type=""}) and the qLIR ([5](#Equ13){ref-type=""}) are consequently not satisfied \[[@CR25]\]. The LFCM of the pion complies, however, with positivity ([4a](#Equ11){ref-type=""}), ([4b](#Equ12){ref-type=""}).

Thus, the LFCM is internally consistent. It satisfies all general relations except for the sum rule ([3e](#Equ10){ref-type=""}) and the qLIR ([5](#Equ13){ref-type=""}) which are beyond the scope of this approach, and both related to the academic twist-4 PDF $\documentclass[12pt]{minimal}
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Phenomenological model for LFWF {#Sec6}
-------------------------------

To obtain definite predictions one has to choose a specific model for LFWFs. In this work we choose the pion LFWFs proposed in Refs. \[[@CR40], [@CR41]\]. One could include the effects of confinement in the light-cone approach \[[@CR42]\], but the phenomenological LFWFs of \[[@CR40], [@CR41]\] provide already a phenomenologically acceptable description. They were applied in Refs. \[[@CR30], [@CR43]\] to the calculations of leading-twist $\documentclass[12pt]{minimal}
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The explicit expression for the momentum-dependent part of the LFWF reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\beta =0.3194$$\end{document}$ \[[@CR40]\]. For the spin-dependent part of the LFWF we refer to the derivation in Ref. \[[@CR30]\].

The results obtained with this pion LFWF model will be discussed, and confronted with other models in Sect. [5](#Sec10){ref-type="sec"}.

Pion structure in bag and spectator model {#Sec7}
=========================================

In this section we discuss pion TMDs in two other models, the bag and spectator model. We focus on physical aspects and internal consistency in these approaches, and skip technical details which are collected in Appendix [A](#Sec16){ref-type="sec"} and Appendix [B](#Sec20){ref-type="sec"}.

Bag model framework {#Sec8}
-------------------

The bag model describes hadrons in terms of *n* free quark and/or antiquark constituents confined inside a spherical cavity of radius $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf T$$\end{document}$-odd TMDs). Also "center-of-mass corrections" were used to construct wave-packet superpositions of static bag solutions with naturally light pion masses \[[@CR47]\] that met phenomenological success \[[@CR48]\]. A bag model version constructed to comply with chiral symmetry is the "cloudy bag" \[[@CR49]\].

In this work we use the simple MIT bag model with massless quarks. At first glance this seems not to fit in the generic picture of massive, effective, constituent degrees of freedom. But if desired, one can introduce a quark mass parameter with numerical but no conceptual differences in the model, with a value around $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_q \sim 120\,\mathrm MeV$$\end{document}$ \[[@CR50]\] which is natural from the point of view of the constituent picture (although also smaller values were discussed in the literature). More importantly, the quantum numbers of hadrons are determined by a fixed number of valence (quark, antiquark) degrees of freedom, which allows one to classify the bag model as a constituent framework. This approach is therefore sufficient for our purposes to investigate generic features of TMDs in constituent models. The bag model expressions for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_4^q(x,p_T)$$\end{document}$ in the pion are given in Appendix [A.1](#Sec17){ref-type="sec"}.

Keeping in mind the well-known general shortcomings, the description has to be considered as consistent: the bag model TMDs satisfy the sum rules[2](#Fn2){ref-type="fn"} ([3a](#Equ6){ref-type=""}), ([3b](#Equ7){ref-type=""}), ([3e](#Equ10){ref-type=""}). The sum rules ([3c](#Equ8){ref-type=""}), ([3d](#Equ9){ref-type=""}) are more subtle, and discussed in Appendix [A.2](#Sec18){ref-type="sec"} where we show that they are consistently satisfied in the model albeit in a quite different manner compared to QCD. The bag results satisfy the inequalities ([4a](#Equ11){ref-type=""}), ([4b](#Equ12){ref-type=""}). As a last and stringent consistency check of the description of higher-twist TMDs, we remark that the bag model satisfies the qLIR ([5](#Equ13){ref-type=""}). This was proven analytically for nucleon TMDs in \[[@CR25]\]. The proof can be carried over to the pion case such that also pion TMDs comply with Eq. ([5](#Equ13){ref-type=""}). The EOM relations ([6a](#Equ14){ref-type=""})--([6c](#Equ16){ref-type=""}) hold with non-zero interaction-dependent tilde terms which are due to bag boundary effects \[[@CR25], [@CR31]\].

Overall we find that the bag model description of higher-twist TMDs is internally consistent within the model, although not all features of the model are consistent with QCD. The PDFs in the bag model exhibit also interesting symmetry properties which we discuss in detail in Appendix [A.3](#Sec19){ref-type="sec"}. We shall return to the bag model and discuss further properties of TMDs and numerical results in Sect. [5](#Sec10){ref-type="sec"}.

Spectator model {#Sec9}
---------------

In the spectator approach the pion structure is modeled in terms of an effective pion--quark--spectator vertex. The spectator has the quantum numbers of an antiquark but, constituting an effective degree of freedom, it could in principle have a different mass. We distinguish the spectator mass $\documentclass[12pt]{minimal}
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                \begin{document}$$m_q$$\end{document}$ in the formulas in Appendix [B](#Sec20){ref-type="sec"}, but we set them equal in the final results. This choice is closest to the spirit of constituent models where, after the active quark is struck, one would identify the "remainder" with an antiquark. This is of course not a necessary step. However, the rational for working with a distinct effective degree of freedom is less convincing than in the nucleon case, where the "remainder" has the quantum numbers of diquarks, i.e. effective bosonic degrees of freedom whose masses are a priori free parameters which cannot be associated with the constituent quark mass. This approach was used to compute the pion TMDs $\documentclass[12pt]{minimal}
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                \begin{document}$$e^q(x,p_T)$$\end{document}$ in Ref. \[[@CR51]\]. In Appendix [B.1](#Sec21){ref-type="sec"} we review the expressions for these TMDs, and derive also the spectator model expression for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_4^q(x,p_T)$$\end{document}$.Fig. 1LFCM results for PDFs as functions of *x*. The *solid curves* correspond to the pion results with the LFWF of Ref. \[[@CR30]\] for the *u*-flavor in $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi ^+$$\end{document}$. The *dashed-dotted curves* show for comparison the corresponding results for the *d*-flavor PDFs in the proton in the LFCM of Ref. \[[@CR25]\], which have the same normalization for $\documentclass[12pt]{minimal}
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Let us now concentrate on discussing the consistency of the approach which, regarding the sum rules ([3a](#Equ6){ref-type=""})--([3e](#Equ10){ref-type=""}), is conceptually the same in the spectator model of the pion as in the spectator model of the nucleon \[[@CR25]\]. The valence sum rule ([3a](#Equ6){ref-type=""}) is satisfied in this model by construction, as the normalization of the effective vertex is chosen adequately. In contrast, the momentum sum rule ([3b](#Equ7){ref-type=""}) is not valid for any choice of model parameters: one obtains less than unity in Eq. ([3b](#Equ7){ref-type=""}). In a specific parametric limit, one obtains a quasi-model-independent result that the valence quark and antiquark carry $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{2}{3}$$\end{document}$-paradoxes" have a long history in the literature and illustrate that the model is incomplete; see the detailed discussion in Appendix [B.2](#Sec22){ref-type="sec"}.

The sum rules ([3c](#Equ8){ref-type=""}) and ([3d](#Equ9){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$e^q(x)$$\end{document}$ do not hold in the spectator model of the pion. This is apparent from the fact that the first and second moments in Eqs. ([3c](#Equ8){ref-type=""}) and ([3d](#Equ9){ref-type=""}) should be positive, while $\documentclass[12pt]{minimal}
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                \begin{document}$$e^q(x)$$\end{document}$ is negative in this model as discussed in Appendix [B.3](#Sec23){ref-type="sec"}.

Also the sum rule ([3e](#Equ10){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$f^q_4(x)$$\end{document}$ is not satisfied in the spectator model, but this has a different origin. Both sum rules ([3a](#Equ6){ref-type=""}) and ([3e](#Equ10){ref-type=""}) can be traced back to the conservation of the Noether vector current. The form factors, which are introduced in an ad hoc manner to describe the effective vertex (see Eq. ([39](#Equ55){ref-type=""}) in Appendix [B.1](#Sec21){ref-type="sec"}) in general violate current conservation. It is therefore possible to satisfy ([3a](#Equ6){ref-type=""}) or ([3e](#Equ10){ref-type=""}) but not both sum rules simultaneously.

The spectator model complies with the positivity requirement ([4a](#Equ11){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1^q(x)$$\end{document}$, and satisfies the inequality ([4b](#Equ12){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_4^q(x)$$\end{document}$ provided one choses the model parameters appropriately; see Appendix [B.3](#Sec23){ref-type="sec"}. As a last test of the spectator model, we notice that the qLIR ([5](#Equ13){ref-type=""}) is satisfied. The proof for that can be carried over from the nucleon case \[[@CR25]\].

Finally, let us remark that the EOM relations ([6a](#Equ14){ref-type=""})--([6c](#Equ16){ref-type=""}) hold in the spectator model of the pion with the tilde terms arising due to the off-shellness of the quark, analog to the nucleon case \[[@CR25]\]. Remarkably, in the pion the off-shellness effects and hence the tilde terms are large when one identifies the mass of the spectator particle with the constituent quark mass. This is discussed in detail in Appendix [B.4](#Sec24){ref-type="sec"}.

Numerical results {#Sec10}
=================

In order to discuss the model results, we first focus on the integrated TMDs in the three models in Sects. [5.1](#Sec11){ref-type="sec"}--[5.3](#Sec13){ref-type="sec"}. Then we discuss the $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$-dependence of the TMDs in Sect. [5.4](#Sec14){ref-type="sec"}.Fig. 2Bag model results for pion PDFs (*solid lines*) as functions of *x* at low scale: **a** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$f_4^q(x)$$\end{document}$. The pion results (*solid curves*) refer e.g. to the *u*-flavor in $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi ^+$$\end{document}$. For comparison the corresponding nucleon PDFs from Ref. \[[@CR25]\] are shown (*dashed-dotted curves*) for *d*-flavor in the proton, such that in panel **a** both curves are normalized to unity (cf. footnote 3)

Integrated TMDs in LFCM {#Sec11}
-----------------------

In Fig. [1](#Fig1){ref-type="fig"} we show the LFCM results for the integrated TMDs $\documentclass[12pt]{minimal}
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                \begin{document}$$f_4^q(x)$$\end{document}$ of the pion in comparison with the corresponding results for the down quark in the nucleon, obtained from the three-quark LFWF of Refs. \[[@CR25], [@CR52]\]. In the LFCM the distribution of quark with longitudinal momentum fraction *x* is equal to the distribution of the corresponding antiquark with longitudinal momentum fraction $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{1}^{u}(x)=f_{1}^{\bar{d}}(1-x)$$\end{document}$. Furthermore, one has the relation $\documentclass[12pt]{minimal}
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                \begin{document}$$x=\frac{1}{2}$$\end{document}$. The shape of the unpolarized momentum distributions for the pion and proton is quite different, reflecting the different valence-quark structure of the hadrons. For the proton, the unpolarized momentum distribution of the valence quark is peaked at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \approx 1/3$$\end{document}$, while for the pion it reaches its maximum at $\documentclass[12pt]{minimal}
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The twist-3 distributions of both the pion and the nucleon can be expressed in terms of the unpolarized momentum distribution as in Eqs. ([10a](#Equ20){ref-type=""})--([10d](#Equ23){ref-type=""}), with the corresponding hadron mass and constituent quark mass.[3](#Fn3){ref-type="fn"} The small value of the pion mass accounts for the enhancement of the $\documentclass[12pt]{minimal}
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Finally, let us remark that in the LFCM it is possible to evaluate also inverse moments. For instance, the inverse moment$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle x^{-1}\rangle _q = \int _0^1\mathrm {d}x\;\frac{f_1^q(x)}{x} \end{aligned}$$\end{document}$$exists and is well defined in the LFCM. In fact, thanks to the EOM relations ([6a](#Equ14){ref-type=""}) and ([6b](#Equ15){ref-type=""}) it is related to the first moment of $\documentclass[12pt]{minimal}
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                \begin{document}$$e^q(x)$$\end{document}$ (and by means of ([3c](#Equ8){ref-type=""}) also to $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _\pi $$\end{document}$) in this model. Such inverse moments have been discussed in the literature \[[@CR53]\] in the context of a modern reformulation of the Weisberger sum rule \[[@CR54]\]. In general, in QCD as well as in the other models considered in this work, such inverse moments diverge and are ill-defined, so it is noteworthy that the LFCM provides a framework where they can be evaluated---giving the opportunity to study sum rules based on inverse moments. We will not pursue this line further in this work, and we only remark that numerically one obtains$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle x^{-1}\rangle _q = N_q\times {\left\{ \begin{array}{ll} 2.82\, &{}\quad \text{ for } \text{ the } \text{ pion } \text{(this } \text{ work), } \\ 3.97\, &{}\quad \text{ for } \text{ the } \text{ nucleon, } \text{ Ref. } \text{[25]. } \end{array}\right. } \end{aligned}$$\end{document}$$ Fig. 3Results for pion PDFs (*solid lines*) from the spectator model as functions of *x* at low scale: **a** $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1^q(x)$$\end{document}$, **b** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\pi ^+$$\end{document}$. For comparison the corresponding nucleon integrated TMDs from Ref. \[[@CR25]\] are shown (*dashed-dotted curves*) for *d*-flavor in the proton, such that in panel **a** both curves are normalized to unity

Integrated TMDs in bag model {#Sec12}
----------------------------

The numerical results for the integrated pion TMDs from the bag model are shown in Fig. [2](#Fig2){ref-type="fig"} in comparison to the results from the nucleon in this model \[[@CR25], [@CR55]\]. For $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1^q(x)$$\end{document}$ the results are qualitatively similar in shape and magnitude to those from the LFCM. But for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_4^q(x)$$\end{document}$ the bag model predicts much smaller distributions than the LFCM. This can be understood by means of the sum rules. In fact, $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1^q(x)$$\end{document}$ obeys the sum rules ([3a](#Equ6){ref-type=""}) and ([3b](#Equ7){ref-type=""}) which dictate comparable magnitudes in all quark models. On the other hand, the Jaffe--Ji sum rule ([3d](#Equ9){ref-type=""}) does not place the same constraints regarding the magnitude of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_q=250$$\end{document}$ MeV enters the normalization of this sum rule in the LFCM. In contrast to this, the quarks in the bag model are massless and the sum rule ([3d](#Equ9){ref-type=""}) is realized differently, see Appendix [A.2](#Sec18){ref-type="sec"}, due to the different EOMs in the bag model. Another principal difference is that the TMDs of the pion and nucleon have the same order of magnitude in the bag model in contrast to the LFCM.

There are several interesting observations, which we summarize here leaving the details to Appendix [A.3](#Sec19){ref-type="sec"}. In the bag model $\documentclass[12pt]{minimal}
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With this last observation one arrives (somewhat paradoxically in view of the reservations regarding chiral symmetry) at the conclusion that the bag seems "better suited" for the description of the pion structure than the nucleon structure, as the problem of unphysical sea quarks does not appear in the pion case.

Integrated TMDs in spectator model {#Sec13}
----------------------------------
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$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{p}}_T$$\end{document}$-dependence in models {#Sec14}
--------------------------------------------------------------------------------------

In this section we turn our attention to the $\documentclass[12pt]{minimal}
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The comparison of the results for pion and nucleon in Table [2](#Tab2){ref-type="table"} is very interesting. We see that the three models make three different predictions. In the LFCM the $\documentclass[12pt]{minimal}
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In contrast to this the LFCM results refer to a low scale $\documentclass[12pt]{minimal}
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Conclusions {#Sec15}
===========

We have studied in constituent model frameworks the $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf {T}}$$\end{document}$-even TMDs of the pion focusing on higher twist, with the goal to establish common features, investigate the origins of tilde terms, and compare the results to the description of unpolarized TMDs in the nucleon. To avoid bias and minimize model dependence, we investigated several constituent models, including the LFCM, bag and spectator models. The results give interesting insights on the internal structure of the pion in the valence-*x* region.

Our focus was on the aspects related to the modeling of 2-body dynamics of the $\documentclass[12pt]{minimal}
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We addressed the question of how genuine QCD interaction-dependent terms contribute to higher-twist TMDs and are modeled in constituent frameworks. In LFCM the hadron states are obtained from a light-front Fock-space expansion in terms of free on-mass-shell parton states, with the essential QCD bound-state information encoded in the LFWF. Each constituent parton state obeys the free equation of motion. Therefore, certain unintegrated relations among TMDs that are valid in free quark models are naturally supported in this approach for both the pion and the nucleon cases, but not all. In particular, relations involving the twist-4 unpolarized TMD $\documentclass[12pt]{minimal}
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For comparison we discussed results for pion TMDs in bag and spectator model. We found that the three models make different predictions especially for higher-twist TMDs. We also explored to which extent the approaches are compatible with a Gaussian shape of the transverse momentum distributions, and found that all model results can be reasonably approximated by a Gaussian $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ distributions in the pion than in the nucleon, which is in qualitative agreement with phenomenology. This may indicate that a more realistic description of the pion structure is achieved in the light-front approach than in the other models. More data and phenomenological studies are needed to clarify the situation.

In the quark models discussed in this work, the pion was treated on the same footing as other hadrons, i.e. as a particle composed of the respective constituent degrees of freedom. It has to be regarded as a limitation that these models do not account for the nature of the pion as a Goldstone boson of chiral symmetry breaking. In view of the importance of chiral symmetry breaking, one may wonder to which extent we can trust the picture of the pion structure deduced from such models. We do not know the answer, but recently encouraging observations were made in this regard \[[@CR25]\]. In the nucleon chiral symmetry breaking effects were shown to have profound consequences for the sea quark structure, but far less so for valence distributions \[[@CR58]\]. In fact, the description of valence-quark distributions in chiral models \[[@CR58]\] is qualitatively similar to those obtained in quark models \[[@CR51], [@CR55]\]. We are not aware of any argument why this situation should be fundamentally different in the pion case, though it has not yet been investigated and remains an interesting question to address. Another argument in favor of modeling pions and nucleons on the "same footing" in constituent approaches is based on the observation that pion and nucleon have similar sizes. In quark models like LFCM or spectator model, the scale for that is set by the constituent quark mass which also governs the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf T$$\end{document}$-odd Boer--Mulders function) was obtained \[[@CR30]\]. It of course remains to be tested in future studies whether this success continues beyond leading twist.

Our results will provide useful guidelines for the interpretation of Drell--Yan data from pion-nucleon collisions, which are currently under study at the COMPASS experiment at CERN. These data are expected to provide important insights on the (spin) structure of the nucleon. At the same time, these data will provide the unique opportunity to gain valuable insights on the structure of the pion at both leading and subleading twist. In fact, both aspects are tightly connected, and one can view it either way: the pion is used as a tool to investigate the spin structure of the nucleon, and polarized nucleons are used to shed new light on the structure of the pion. In any case, a good understanding of the pion structure is indispensable and worth exploring for its own sake.

Appendix A: Bag model in detail {#Sec16}
===============================

In this appendix we include the bag model expressions for pion TMDs and PDFs to make this work self-contained, then we discuss the sum rules for the twist-3 function $\documentclass[12pt]{minimal}
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A.1 Expressions for TMDs in bag model {#Sec17}
-------------------------------------

The bag model expressions for the pion TMDs,$$\documentclass[12pt]{minimal}
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The sum rules ([3c](#Equ8){ref-type=""}), ([3d](#Equ9){ref-type=""}) can be evaluated analytically in the bag model, and one finds for massless quarks $$\documentclass[12pt]{minimal}
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A.3 Symmetries of PDFs in bag model {#Sec19}
-----------------------------------
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Next, as we have seen above, the lower integration limit in Eq. ([26](#Equ42){ref-type=""}) can also be chosen as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|p_z|$$\end{document}$. Since no factor of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_z$$\end{document}$ appears in its integrand, this means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^q(x)$$\end{document}$ is a function symmetric under $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_z\mapsto -p_z$$\end{document}$, i.e. it satisfies the exact symmetry$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} e^q(2x_\mathrm{max}-x) = e^q(x),\quad x_\mathrm{max}=\frac{3}{4n}. \end{aligned}$$\end{document}$$The above derivation can be repeated step by step with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^{\perp q}(x)$$\end{document}$. Although it has a different shape, this PDF exhibits a global maximum at the same position as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^q(x)$$\end{document}$ and satisfies also the same exact symmetry$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f^{\perp q}(2x_\mathrm{max}-x) = f^{\perp q}(x),\quad x_\mathrm{max}=\frac{3}{4n}. \end{aligned}$$\end{document}$$For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1^q(x)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_4^q(x)$$\end{document}$ the situation is different, and no exact symmetry of the above kind exists due to the appearance of the explicit factor of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_z$$\end{document}$ in their integrands in Eq. ([26](#Equ42){ref-type=""}). What one can derive in this case is the exact relation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f^q_1(x)=2f^q_4\biggl (\frac{3}{2n}-x\biggr ), \end{aligned}$$\end{document}$$though the value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=\frac{3}{2n}$$\end{document}$ is not related to the maxima of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^q_1(x)$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2f^q_4(x)$$\end{document}$. One interesting application of Eq. ([31](#Equ47){ref-type=""}) is that it immediately follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int \mathrm {d}x\,f_1^q(x)=\int \mathrm {d}x\,2f_4^q(x)$$\end{document}$ if one recalls the remarks in footnote 2.

One can use the above method to find the maximum of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1^q(x)$$\end{document}$. The unpolarized function has its maximum at that value of *x* which solves the integral equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p_z \left( t_0(p_z)+t_1(p_z)\right) ^2 = 2 \int _{p_z}^\infty \mathrm {d}p\;t_0(p)\,t_1(p), \end{aligned}$$\end{document}$$where *x* appears implicitly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_z$$\end{document}$; see Eq. ([22](#Equ37){ref-type=""}). The solution can be found numerically and reads$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x_\mathrm{max} = (1.00534\dots )\times \frac{1}{n}. \end{aligned}$$\end{document}$$This is numerically very close to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\approx \frac{1}{n}$$\end{document}$ and an intuitive result, see Sect. [5.2](#Sec12){ref-type="sec"}. There is also an approximate symmetry$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f_1^q(\frac{2}{n}-x) \approx f^q(x), \end{aligned}$$\end{document}$$which for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=2$$\end{document}$ is satisfied to within $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{O}(1\,\%)$$\end{document}$ accuracy for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in [0,1]$$\end{document}$ (the approximate symmetry $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1^q(2x_\mathrm{max}-x) \approx f_1^q(x)$$\end{document}$ is much better in the vicinity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_\mathrm{max}$$\end{document}$ but interestingly overall somewhat worse).

The situation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_4^q(x)$$\end{document}$ is similar to that of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1^q(x)$$\end{document}$ except for the difference that the maximum appears at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_\mathrm{max}\approx \frac{1}{2n}$$\end{document}$. More precisely, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_4^q(x)$$\end{document}$ one deals with the integral relation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p_z \left( t_0(p_z)-t_1(p_z)\right) ^2 = -\,2 \int _{p_z}^\infty \mathrm {d}p\;t_0(p)\,t_1(p)\, , \end{aligned}$$\end{document}$$and the solution is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x_\mathrm{max} = (0.989327\dots )\times \frac{1}{2n}\,. \end{aligned}$$\end{document}$$

Appendix B: Spectator model in detail {#Sec20}
=====================================

In this appendix we review results for $\documentclass[12pt]{minimal}
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B.1 Expressions for TMDs in spectator model {#Sec21}
-------------------------------------------

In the quark--spectator--antiquark model of the pion, the correlator ([2](#Equ2){ref-type=""}) is evaluated as follows:$$\documentclass[12pt]{minimal}
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B.3 Fixing of model parameters {#Sec23}
------------------------------
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B.4 Off-shellness effects and tilde terms {#Sec24}
-----------------------------------------

The explicit expression for the tilde terms in the spectator model with $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ are shown in Table [3](#Tab3){ref-type="table"}a, b for the case of pion and nucleon, respectively. (The nucleon results are obtained with the axial diquark mass, with the parameters used in \[[@CR25], [@CR51]\].) We observe that these off-shellness effects are larger for the pion than for the nucleon, and the difference is more pronounced for small *x* and moderate $\documentclass[12pt]{minimal}
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In particular, the tilde terms in $\documentclass[12pt]{minimal}
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                \begin{document}$$f^{\perp q}(x)$$\end{document}$ are not only sizable but also negative, and in fact overwhelm the contributions of the positive $\documentclass[12pt]{minimal}
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                \begin{document}$$f^{\perp q}(x)$$\end{document}$ are negative in the spectator model of the pion---in contrast to the other models. This feature is qualitatively different from the nucleon case, where the tilde terms could be viewed as "corrections" albeit not necessarily small ones \[[@CR25]\]. The reason for that is that in the pion case the constituent quark mass is larger than the hadron mass, i.e. off-shellness effects are automatically more extreme than in the nucleon case. As a result, the spectator model of the pion does not support the Wandzura--Wilczek type approximation \[[@CR68]\] consisting in a neglect of tilde terms.

We stress that such relations are valid only in quark models (or for the (academic) TMDs with straight gauge links implemented in lattice calculations \[[@CR35]\]), and should be distinguished from the LIRs in collinear twist-3 formalism recently derived in Ref. \[[@CR36]\].

For that it is crucial to extend the integrals over the whole *x*-axis including negative *x* and the regions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|x|>1$$\end{document}$. At negative *x* the TMDs describe sea quarks where the bag results violate positivity ([4a](#Equ11){ref-type=""}), ([4b](#Equ12){ref-type=""}) in the nucleon case. The non-zero (albeit numerically small) support in the regions $\documentclass[12pt]{minimal}
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                \begin{document}$$|x|>1$$\end{document}$ is a technical problem in models where corrections due to center-of-mass motion have to be applied. These issues are known in the bag model of the nucleon and not specific to the pion.

In the model calculation of Ref. \[[@CR30]\] the mass of the constituent quark in the nucleon was chosen as $\documentclass[12pt]{minimal}
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We would like to use this occasion to correct a numerical mistake in the second column of Table 2 in Ref. \[[@CR25]\], where the widths in the LFCM of the nucleon were incorrectly scaled by a factor of $\documentclass[12pt]{minimal}
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                \begin{document}$$1/\sqrt{\pi }$$\end{document}$. The second column of Table [2](#Tab2){ref-type="table"} in this work gives the correctly scaled values. This correction does not affect any of the conclusions of Ref. \[[@CR25]\].

A non-trivial cure to restore chiral symmetry is provided by adequately "matching" chiral fields to the bag surface as explored in the cloudy bag model of the nucleon \[[@CR49], [@CR60]\].

A situation of this type was encountered by Lorentz who found $\documentclass[12pt]{minimal}
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                \begin{document}$$E=\frac{2}{3}\,mc^2$$\end{document}$ for the energy of an electron assumed to consist of a charge distribution "bound by some unknown forces of non-electromagnetic origin" \[[@CR63]\]. The latter citation is from Ref. \[[@CR64]\], where another $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{2}{3}$$\end{document}$-paradox of this nature occurs in a particular approximation in the chiral quark--soliton model which disappears when working in a fully consistent solution of that model \[[@CR65]\].
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